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Abstract
We study the Helmholtz equation for a heterogeneous system in d di-
mensions and show that it is possible to calculate exactly the sum rules
of rational order using perturbation theory by relating the sum rules to
suitable traces. The present calculation is restricted to a positive defi-
nite spectrum, e.g. Dirichlet boundary conditions, and it reproduces the
result previously obtained in Ref. [1], working directly with Rayleigh-
Schro¨dinger perturbation theory.
1 Introduction
Spectral zeta functions are defined as
Z(s) ≡
∑
n
1
Esn
(1)
where En are the eigenvalues of the Hamiltonian operator and s > s0 is a real
exponent, s0 being the minimal value of s for which the series (1) converges.
In this paper, we consider the Helmholtz equation for a heterogeneous system
in d dimensions, i.e.,
−∆dΨn(x) = EnΣ(x)Ψ(x) , x ∈ Ω (2)
where ∆d ≡ ∂2/∂x21 + · · · + ∂2/∂x2d is the Laplacian operator, Σ(x) > 0 is the
density, Ω is a d-dimensional region where an orthonormal and complete set of
eigenfunctions of the negative Laplacian is known.
In general it is not possible to calculate Z(s) exactly for arbitrary values of
s, since the exact eigenvalues appearing in eq. (2) are not known. An exception
to this rule occurs when s takes integer values, s > s0; in this special case the
sum rule can be obtained directly in terms of a trace, exploiting the invariance
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of the trace with respect to unitary transformations and the completeness of
the basis of the eigenfunctions of the negative Laplacian.
In this way, Itzykson, Moussa and Luck were able to obtain in Ref. [2]
the sum rules for an arbitrary two dimensional region with Dirichlet boundary
conditions at the border 1. We mention Refs. [3, 4, 5, 6, 7, 8, 9] as an example
of works concerning sum rules (further references can be found by the reader in
those articles).
Using a similar approach, in refs. [10, 11, 12, 13, 14] we have derived general
integral expressions for the spectral sum rules of inhomogenous strings and
membranes, for different boundary conditions. In particular Refs. [12, 14] deal
with the special case of a spectrum containing a null eigenvalue, for which
the traces are in principle ill–defined and a suitable renormalization has to be
performed.
It is not straightforward to relate the sum rule to a trace in the case of non–
integer exponents, on the other hand: for this reason, in Ref. [1], we followed a
different approach, which exploits the Rayleigh-Schro¨dinger perturbation the-
ory, expressing the sum rule in eq. (1) directly in term of the perturbative ex-
pressions for the eigenvalues. Eq. (9) of that paper provides an exact expression
for the sum rule Z(s), correct up to second order in the density.
The purpose of this paper is to confirm eq.(9) of Ref. [1] without resorting
to Rayleigh-Schro¨dinger perturbation theory and working directly with suitable
traces, for cases where the spectrum is positive definite, e.g. Dirichlet boundary
conditions.
The paper is organized as follows: in section 2 we introduce Green’s function
of order 1/2 and we use perturbation theory to calculate the first few orders (up
to order three explicitly and up to order eight, reported in the first appendix,
implicitly); in section 3, we extend the previous results and introduce Green’s
functions of order 1/N (N = 2, 3, . . . ) and use perturbation theory to calculate
their general expressions up to second order; in section 4 we obtain the sum
rules of rational exponent in term of the traces involving products of Green’s
function of suitable orders and reproduce eq.(9) of Ref. [1]. Finally in section
5 we draw our conclusions. The perturbative expressions for the coefficients of
the spectral decomposition of the Green’s function of order 1/2 are reported in
appendix A; in appendix B we report special values for the functions ∆, η and
ξ, introduced in section 3.
2 Green’s functions of order 1/2
To begin our discussion, let us define
G(x, y) ≡
√
Σ(x)G0(x, y)
√
Σ(x) , (3)
where Σ(x) > 0 is the density and G0(x, y) is the Green’s function of the
homogeneous problem. We can convince ourselves that G(x, y) is the Green’s
1In this case a conformal transformation can be used to map the original region to a disk
and the density in eq. (1) is related to the conformal map.
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function associated to the operator Oˆ ≡ 1√
Σ(x)
(−∆) 1√
Σ(x)
since
OˆG(x, y) =
1√
Σ(x)
(−∆)G0(x, y)
√
Σ(y) = δ(x− y) . (4)
Next introduce a new function, G˜(x, y), satisfying the property:∫
G˜(x, z)G˜(z, y)dz = G(x, y) . (5)
We can easily see that eq. (5) is satisfied provided that
Oˆ1/2G˜(x, y) = δ(x− y) . (6)
As a matter of fact, we have
OˆG(x, y) = Oˆ1/2
∫ [
Oˆ1/2G˜(x, z)
]
G˜(z, y)dz = Oˆ1/2G˜(x, y) = δ(x − y) . (7)
Let us now decompose G˜ in the basis of the homogeneous problem:
G˜(x, y) =
∑
n,m
qnmψn(x)ψ
⋆
m(y) , (8)
where
qnm =
∫ ∫
ψ⋆n(x)G˜(x, y)ψm(y)dxdy . (9)
Using this expression in the left–hand side of eq. (5), we have∫
G˜(x, z)G˜(z, y)dz =
∑
n,m,m′
qnmqn′m′ψn(x)ψm′ (y) . (10)
Similarly, the right hand side of eq. (5) becomes
G(x, y) =
∑
n,m
[∑
r
〈n|
√
Σ|r〉〈r|
√
Σ|m〉
ǫr
]
ψn(x)ψ
⋆
m(y)
=
∑
n,m
Qnm ψn(x)ψ
⋆
m(y) ,
(11)
where Qnm are the coefficients of the spectral expansion of G(x, y).
By equating eqs. (10) and (11) we finally obtain the matrix equation
∑
r
qnrqrm =
∑
r
〈n|
√
Σ|r〉〈r|
√
Σ|m〉
ǫr
. (12)
The exact solution of eq. (12), which would provide the exact expression for
the Green’s function of order 1/2 cannot be obtained for an arbitrary density
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Σ, and therefore it is convenient to resort to perturbation theory. In this case
we assume a mild inhomogeneity and write
Σ(x) = 1 + λσ(x) , (13)
with |σ(x)| ≪ 1 for all x. λ is a power–counting parameter that will be set to
1 at the end of the calculation.
Therefore √
Σ(x) =
∞∑
j=0
(
1/2
j
)
λjσ(x)j . (14)
Similarly, we write
qnm =
∞∑
j=0
q(j)nmλ
j ,
Qnm =
∞∑
j=0
Q(j)nmλ
j .
(15)
It is straighforward to see that
Q(k)nm =
k∑
j=0
(
1/2
j
) (
1/2
k − j
)∑
r
〈n|σj |r〉〈r|σk−j |m〉
ǫr
. (16)
In particular the first three coefficients read
Q(0)nm =
δnm
ǫr
,
Q(1)nm =
1
2
(
1
ǫn
+
1
ǫm
)
〈n|σ|m〉 ,
Q(2)nm =
1
4
∑
r
〈n|σ|r〉〈r|σ|m〉
ǫr
− 1
8
(
1
ǫn
+
1
ǫm
)
〈n|σ2|m〉 .
(17)
By inserting eq. (16) inside eq. (12) and selecting the term of order λk, we
obtain the matrix equation
k∑
j=0
q(j)nr q
(k−j)
rm = Q
(k)
nm . (18)
The solutions of eqs. (18) can be obtained iteratively starting from the lowest
order (k = 0) and moving to higher orders.
Before we proceed to the calculation of the first few orders, it is convenient
to define:
∆nm ≡
1
ǫn
+ 1ǫm
1√
ǫn
+ 1√ǫm
,
ηnm ≡ 1√
ǫn
+
1√
ǫm
.
(19)
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The solution of order 0 can be cast in the form
q(0)nm =
δnm√
ǫn
= δnm∆nm (20)
using eq. (19).
Similarly, the solutions up to third order can be obtained straightforwardly.
They read
q(1)nm =
1
2
1
ǫn
+ 1ǫm
1√
ǫn
+ 1√ǫm
〈n|σ|m〉 = 1
2
∆nm〈n|σ|m〉 ,
q(2)nm = −
1
8
∆nm〈n|σ2|m〉+ 1
4ηnm
∑
r
(
1
ǫr
−∆nr∆rm
)
〈n|σ|r〉〈r|σ|m〉 ,
q(3)nm =
1
16
∆nm〈n|σ3|m〉
− 1
16ηnm
∑
r
(
1
ǫr
−∆nr∆rm
)(〈n|σ|r〉〈r|σ2 |m〉+ 〈n|σ2|r〉〈r|σ|m〉)
−
∑
r,s
∆nr
8ηnmηrm
(
1
ǫr
−∆rs∆sm
)
〈n|σ|r〉〈r|σ|s〉〈s|σ|m〉
−
∑
r,s
∆rm
8ηnmηnr
(
1
ǫr
−∆ns∆sr
)
〈n|σ|s〉〈s|σ|r〉〈r|σ|m〉 .
(21)
In Appendix A we report the perturbative corrections to the coefficients qnm
up to order eight (in an implicit form). Observing that the first term to order
k has the general form
(
1
2
k
)
∆nm〈n|σk|m〉, we can perform a resummation
obtaining
qnm ≈
∞∑
k=0
(
1
2
k
)
∆nm〈n|σk|m〉 = ∆nm〈n|
√
Σ|m〉 . (22)
3 Green’s functions of order 1/N
After having introduced the Green’s functions of order 1/2, we may generalize
our discussion to the case of Green’s functions of order 1/N , with N positive
integer .
Now define G˜[1/N ](x, y) satisfying the property:∫
G˜[1/N ](x, z1)G˜[1/N ](z1, z2) . . . G˜[1/N ](zN , y)dz1 . . . dzN = G(x, y) (23)
with N ≥ 2 (note: N = 2 is a special case and has previously been considered).
We can decompose G˜[1/N ] in the basis of the homogeneous problem:
G˜[1/N ](x, y) =
∑
n,m
q[1/N ]nm ψn(x)ψ
⋆
m(y) , (24)
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where
q[1/N ]nm =
∫ ∫
ψ⋆n(x)G˜[1/N ](x, y)ψm(y)dxdy . (25)
In analogy to what we have done before, we can use eq. (24) inside eq. (23)
to obtain the matrix equation
∑
r1,...,rN
q[1/N ]nr1 q
[1/N ]
r1r2 . . . q
[1/N ]
rNm =
∑
r
〈n|√Σ|r〉〈r|√Σ|m〉
ǫr
. (26)
From this point we will avoid the superscript [1/N ] in the coefficients whenever
possible.
We assume that the inhomogeneity is a perturbation and express the coeffi-
cients as a power series as
qnm =
∞∑
j=0
q(j)nmλ
j . (27)
We generalize the previous definitions by introducing
∆[1/N ]nm ≡
(
1
ǫn
+ 1ǫm
)
∑N−1
j=0
1
ǫ
(N−1−j)/N
n ǫ
j/N
m
,
η[1/N ]nm ≡
N−1∑
j=0
1
ǫ
(N−1−j)/N
n ǫ
j/N
m
,
(28)
which reduce to eqs. (19) when N = 2.
The solutions of eq. (26) up to second order take the form
q(0)nm =
δnm
(ǫn)1/N
=
N
2
∆[1/N ]nm δnm ,
q(1)nm =
1
2
∆[1/N ]nm 〈n|σ|m〉 ,
q(2)nm = −
1
8
∆[1/N ]nm 〈n|σ2|m〉
+
1
4η
[1/N ]
nm
∑
r
〈n|σ|r〉〈r|σ|m〉
(
1
ǫr
−∆[1/N ]nr ∆[1/N ]rm ξ[1/N ]nrm
)
,
(29)
where we have defined
ξ[1/N ]nrm ≡
N−2∑
j=0
N−2−j∑
l=0
1
ǫ
j/N
n ǫ
(N−2−j−l)/N
m ǫ
l/N
r
. (30)
The explicit expressions of ∆
[1/N ]
nm , η
[1/N ]
nm and ξ
[1/N ]
nrm for N = 1, . . . , 4 are
reported in Appendix B.
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4 Sum rules of rational order
The results obtained in the previous sections allow us to obtain explicit expres-
sions for the sum rules of rational order by expressing them in terms of the
traces involving the coefficients of the spectral decomposition of the Green’s
functions of rational order. Next we will discuss the cases of sum rules of order
1 + 1/N and 1/N + 1/N ′, with N and N ′ integers (N,N ′ ≥ 2) and prove that
for the two cases we obtain the same functional form.
4.1 Order 1 + 1/N
The sum rule of order 1 + 1/N takes the form
Z
(
1 +
1
N
)
=
∑
n,r
Qnrq
[1/N ]
rn
=
∑
n,r
Q(0)nr q
[1/N ](0)
rn
+ λ
∑
n,r
[
Q(0)nr q
[1/N ](1)
rn +Q
(1)
nr q
[1/N ](0)
rn
]
+ λ2
∑
n,r
[
Q(1)nr q
[1/N ](1)
rn +Q
(2)
nr q
[1/N ](0)
rn +Q
(0)
nr q
[1/N ](2)
rn
]
+ . . .
(31)
Notice that the notation q
[1/N ](k)
rn refers to the coefficient of the spectral
decomposition of the Green’s function of order 1/N to order λk in perturbation
theory. It is understood that 1+1/N has to be such that the series be convergent
(this is the case in one and two dimensions).
After defining s = 1+ 1/N we have
Z(0) (s) =
∑
n
1
ǫsn
,
Z(1) (s) = λs
∑
n
〈n|σ|n〉
ǫsn
,
Z(2) (s) =
λ2
4
s
[
−
∑
n
〈n|σ2|n〉
ǫsn
+
1
2
∑
n,m
((ǫm + 3ǫn) ǫ
−s
n − (3ǫm + ǫn) ǫ−sm )
(ǫm − ǫn) 〈n|σ|m〉〈m|σ|n〉
]
.
(32)
In two dimensions, where the sum rule diverges for s ≤ 1, yet the expression
above allows us to approximate the sum rule at s > 1 arbitrarily close to s0 = 1
by choosing N large enough.
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4.2 Order 1/N + 1/N ′
The sum rule of order 1/N + 1/N ′ takes the form
Z
(
1 +
1
N
)
=
∑
n,r
q[1/N ]nr q
[1/N ′]
rn
=
∑
n,r
q[1/N ](0)nr q
[1/N ′](0)
rn
+ λ
∑
n,r
[
q[1/N ](0)nr q
[1/N ′](1)
rn + q
[1/N ](1)
nr q
[1/N ′](0)
rn
]
+ λ2
∑
n,r
[
q[1/N ](1)nr q
[1/N ′](1)
rn + q
[1/N ](2)
nr q
[1/N ′](0)
rn + q
[1/N ](0)
nr q
[1/N ′](2)
rn
]
+ . . .
(33)
After performing the calculation explicitly we find
Z(0)
(
1
N
+
1
N ′
)
=
∑
n
1
ǫ
1/N+1/N ′
n
,
Z(1)
(
1
N
+
1
N ′
)
= λ
(
1
N
+
1
N ′
)∑
n
〈n|σ|n〉
ǫ
1/N+1/N ′
n
,
Z(2)
(
1
N
+
1
N ′
)
=
λ2
4
(
1
N
+
1
N ′
)[
−
∑
n
〈n|σ2|n〉
ǫ
(1/N+1/N ′)
n
+
1
2
∑
n,m
(ǫmǫn)
−N+N′
NN′
(
(ǫm + 3ǫn) ǫ
1
N+
1
N′
m − (3ǫm + ǫn) ǫ
1
N+
1
N′
n
)
(ǫm − ǫn) 〈n|σ|m〉〈m|σ|n〉

 .
It is remarkable that these expressions take the very same form of the ex-
pression of eq.(??), after defining s = 1/N + 1/N ′.
It is easy to verify that the second term in Z(2)(s) is not singular for m = n,
as it should be; we may cast the expression for Z(2)(s) in a simpler form by
splitting the double series as
∑
n,m =
∑
n=m+
∑
n6=m, i.e.,
Z(2) (s) =
λ2
4
s
[
−
∑
n
〈n|σ2|n〉
ǫsn
+ (2s− 1)
∑
n
〈n|σ|n〉2
ǫsn
+
1
2
∑
n6=m
ǫmǫ
−s
n − ǫnǫ−sm + 3ǫ1−sn − 3ǫ1−sm
(ǫm − ǫn) 〈n|σ|m〉〈m|σ|n〉

 .
Let us now simplify the expression inside the double series:
ǫmǫ
−s
n − ǫnǫ−sm + 3ǫ1−sn − 3ǫ1−sm
(ǫm − ǫn) =
(
ǫ−sm + ǫ
−s
n
)
+ 4
ǫ1−sn − ǫ1−sm
ǫm − ǫn .
(34)
8
The first contribution can be cast as a single series by suitably renaming
indices and using the completeness of the basis:∑
n6=m
(
ǫ−sm + ǫ
−s
n
) 〈n|σ|m〉〈m|σ|n〉 = 2 ∑
n6=m
ǫ−sn 〈n|σ|m〉〈m|σ|n〉
=
∑
n
2
ǫsn
〈n|σ
[∑
m
|m〉〈m| − |n〉〈n|
]
σ|n〉
=
∑
n
2
ǫsn
[〈n|σ2|n〉 − 〈n|σ|n〉2] .
(35)
In this way
Z(2) (s) =
λ2
2
s

(s− 1)∑
n
〈n|σ|n〉2
ǫsn
−
∑
n6=m
ǫ−sm − ǫ1−sn
(ǫm − ǫn) 〈n|σ|m〉〈m|σ|n〉

 ,
(36)
and the sum rule up to second order reads
Z (s) =
∑
n
1
ǫsn
[
1 + λs〈n|σ|n〉 + λ
2
2
s(s− 1)〈n|σ|n〉2 + . . .
]
− λ
2
2
s
∑
n6=m
ǫ−sm − ǫ1−sn
(ǫm − ǫn) 〈n|σ|m〉〈m|σ|n〉 +O
[
λ3
]
.
(37)
This result agrees with eq. (9) of Ref. [1], which was obtained using the
explicit expressions for the eigenvalues of the operator Oˆ, obtained using per-
turbation theory 2.
To summarize our findings, we point out that
• The complications of Rayleigh-Schro¨dinger perturbation theory when deal-
ing with degenerate states are absent;
• The method can be applied systematically to higher order, by calculating
the appropriate coefficients of the spectral decomposition of the Green’s
function of rational order;
• For s → 1 in two dimensions, the sum rules are very sensitive to the
asymptotic behavior of the spectrum and therefore they could be used as
a tool to study the corrections to Weyl’s law;
• The case of an operator with a null eigenvalue (not considered here) the
traces are ill–defined due to the vanishing eigenvalue and a careful renor-
malization has to be performed; this case will be studied separately;
2Notice that the diagonal term in eq. (9) of Ref. [1] has been resummed to include higher
order contributions.
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5 Conclusions
We have generalized the approach of refs. [10, 11, 12] to the case of sum rules
of rational order s. In doing so, we have introduced Green’s functions of order
1/N , from which the ordinary Green’s functions can be obtained in terms of
appropriate convolutions of N of these functions. Although we could not obtain
an expression for G˜[1/N ] exact to all orders, we have used perturbation theory
to obtain the explicit expressions up to second order and thus expressed the
sum rules of rational order in terms of suitable traces containing these Green’s
functions. Our final result of eq. (37) reproduces eq.(9) of Ref. [1] thus confirm-
ing the findings of that paper, for the case of Dirichlet boundary conditions.
The calculation of the analogous sum rules for the case of a spectrum contain-
ing a null eigenvalue, which requires extra care in handling formally divergent
contributions, will be discussed in a separate publication.
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Appendix A Spectral decomposition of the Green’s
function of order 1/2
q(2)nm = −
1
8
∆nm〈n|σ2|m〉+
∑
r
1
4ηnm
(∆2rr −∆nr∆rm)〈n|σ|r〉〈r|σ|m〉
q(3)nm =
1
16
∆nm〈n|σ3|m〉 −
∑
r
∆2rr
16ηnm
(〈n|σ|r〉〈r|σ2 |m〉+ 〈n|σ2|r〉〈r|σ|m〉)
− 1
2ηnm
∑
r
(
∆nr〈n|σ|r〉q(2)rm +∆rm〈r|σ|m〉q(2)nr
)
q(4)nm = −
5
128
∆nm〈n|σ4|m〉
+
∑
r
∆2rr
64ηnm
(〈n|σ2|r〉〈r|σ2 |m〉+ 2〈n|σ3|r〉〈r|σ|m〉 + 2〈n|σ|r〉〈r|σ3 |m〉)
−
∑
r
1
2ηnm
(
q(2)nr q
(2)
rm +∆nrq
(3)
rm〈n|σ|r〉 +∆rmq(3)nr 〈r|σ|m〉
)
q(5)nm =
7
256
∆nm〈n|σ5|m〉
−
∑
r
∆2rr
256ηnm
(
2〈n|σ2|r〉〈r|σ3 |m〉+ 2〈n|σ3|r〉〈r|σ2 |m〉+ 5〈n|σ|r〉〈r|σ4 |m〉+ 5〈n|σ4|r〉〈r|σ|m〉)
−
∑
r
1
2ηnm
(
2q(2)nr q
(3)
rm + 2q
(3)
nr q
(2)
rm +∆nrq
(4)
rm〈n|σ|r〉 +∆rmq(4)nr 〈r|σ|m〉
)
q(6)nm = −
21
1024
∆nm〈n|σ6|m〉
+
∑
r
∆2rr
1024ηnm
[
4〈n|σ3|r〉〈r|σ3 |m〉+ 5 (〈n|σ2|r〉〈r|σ4 |m〉+ 〈n|σ4|r〉〈r|σ2 |m〉)
+ 14
(〈n|σ|r〉〈r|σ5 |m〉+ 〈n|σ5|r〉〈r|σ|m〉)]
−
∑
r
1
2ηnm
(
2q(3)nr q
(3)
rm + 2q
(2)
nr q
(4)
rm + 2q
(4)
nr q
(2)
rm +∆nrq
(5)
rm〈n|σ|r〉 +∆rmq(5)nr 〈r|σ|m〉
)
q(7)nm =
33
2048
∆nm〈n|σ7|m〉 −
∑
r
∆2rr
2048ηnm
[
5
(〈n|σ3|r〉〈r|σ4 |m〉+ 〈n|σ4|r〉〈r|σ3|m〉)
+ 7
(〈n|σ2|r〉〈r|σ5|m〉+ 〈n|σ5|r〉〈r|σ2 |m〉+ 3〈n|σ|r〉〈r|σ6 |m〉+ 3〈n|σ6|r〉〈r|σ|m〉)]
−
∑
r
1
2ηnm
[
2
(
q(3)nr q
(4)
rm + q
(4)
nr q
(3)
rm + q
(2)
nr q
(5)
rm + q
(5)
nr q
(2)
rm
)
+∆nrq
(6)
rm〈n|σ|r〉 +∆rmq(6)nr 〈r|σ|m〉
]
q(8)nm = −
429
32768
∆nm〈n|σ8|m〉
+
∑
r
∆2rr
16384ηnm
[
25〈n|σ4|r〉〈r|σ4 |m〉+ 28 (〈n|σ3|r〉〈r|σ5|m〉+ 〈n|σ5|r〉〈r|σ3 |m〉)
+ 42
(〈n|σ2|r〉〈r|σ4 |m〉+ 〈n|σ4|r〉〈r|σ2|m〉)+ 132 (〈n|σ|r〉〈r|σ7 |m〉+ 〈n|σ7|r〉〈r|σ|m〉)]
−
∑
r
1
2ηnm
[
2
(
q(4)nr q
(4)
rm + q
(3)
nr q
(5)
rm + q
(5)
nr q
(3)
rm + q
(2)
nr q
(6)
rm ++q
(6)
nr q
(2)
rm
)
+∆nrq
(7)
rm〈n|σ|r〉 +∆rmq(7)nr 〈r|σ|m〉
]
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Appendix B Values of ∆,η and ξ for N = 1, . . . , 4
We report here the values of ∆, η and ξ for N = 1, . . . , 4:
Table 1: Expressions of ∆
[1/N ]
nm
N ∆
[1/N ]
nm
1 1ǫm +
1
ǫn
2
1
ǫm
+ 1ǫn
1√
ǫm
+ 1√ǫn
3
1
ǫm
+ 1ǫn
1
3√ǫm 3
√
ǫn
+ 1
ǫ
2/3
m
+ 1
ǫ
2/3
n
4
1
ǫm
+ 1ǫn
1
4√ǫm
√
ǫn
+ 1√
ǫm 4
√
ǫn
+ 1
ǫ
3/4
m
+ 1
ǫ
3/4
n
Table 2: Expressions of η
[1/N ]
nm
N η
[1/N ]
nm
1 1
2 1√ǫm +
1√
ǫn
3 13√ǫm 3√ǫn +
1
ǫ
2/3
m
+ 1
ǫ
2/3
n
4 14√ǫm√ǫn +
1√
ǫm 4
√
ǫn
+ 1
ǫ
3/4
m
+ 1
ǫ
3/4
n
Table 3: Expressions of ξ
[1/N ]
nrm
N ξ
[1/N ]
nrm
1 0
2 1
3 13√ǫm +
1
3
√
ǫn
+ 13√ǫr
4 14√ǫm 4√ǫn +
1
4
√
ǫm 4
√
ǫr
+ 1√ǫm +
1
4
√
ǫn 4
√
ǫr
+ 1√ǫn +
1√
ǫr
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